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Abstract
Josephson effect ever stimulated a lot of activity in quantum Hall bilayer exciton condensates
since the observation of Josephson-like tunneling and recently even receives great attention in opti-
cally excited exciton-polariton condensates. The intense interest is originated from that Josephson
effect can be regarded as one of the most striking manifestations of exciton or exciton-polariton
condensates. Following the proposal by Park and Das Sarma [Phys. Rev. B 74, 035338 (2006)], we
study the excitonic Josephson junction with relative phases induced by interlayer tunneling cur-
rents. Our results indicate the novel coupling of edge tunneling currents [Phys. Rev. Lett. 109,
156802 (2012)] can be explained by tunneling-current induced Josephson effect and is a very robust
evidence for exciton condensation. Also, we furthermore suggest to detect Josephson current by
measuring induced magnetic field of a ring-shape excitonic Josephson junction.
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Introduction.—The Bardeen-Cooper-Schrieffer like physics of exciton condensates (electron-
hole pairs) has stimulated considerable theoretical and experimental activity in quantum
Hall bilayers1,2, where electrons and holes reside in two different layers. The electric nature
of this indirect exciton was observed through Josephson-like tunneling3,4, which shows simi-
lar characteristics with Josephson effect5,6 but differently contains incoherent ingredient7–9.
As one of the most robust evidences for exciton condensation, the Josephson effect3, how-
ever, has yet to be explored sufficiently11. Hsu and Su have considered excitonic Josephson
junctions with a relative phase generated by perpendicular electric field12 and furthermore
included the effect of normal barrier. They found such systems exhibit fascinating fractional
solitons13 and tunneling-assisted Andreev reflection14. Another method proposed to gener-
ate a relative phase is to apply interlayer tunneling currents2. In this letter, we show that
this tunneling-current induced Josephson effect can qualitatively explain the novel coupling
phenomenon of edge tunneling currents observed by Huang et al.1 and suggest feasible
measurements for Josephson currents17.
In Huang’s experiment1, the current input from two side electrodes JtL(R),in is equiva-
lent to applying tunneling current JtL(R) as well as edge-state quasiparticle current JeL(R).
Huang’s experimental device1 actually can be viewed as an excitonic Josephson junction
shown in Fig. 1(a)18. When the tunneling currents (JtL,JtR) are exerted on two edges of
a bilayer quantum Hall system, their condensate phases are twisted and Josephson effect
occurs. The Josephson current Js would serve as the link of two edge tunneling currents.
Huang’s experimental results1 thus can be explained by excitonic Josephson effect and is a
undoubtedly robust evidence for exciton condensation. Similar to Refs.9,13,14, we study this
topic by solving modified Landau-Lifshitz-Gilbert (LLG) equation. Our calculation shows
that JtR has larger critical values when applying an anti-parallel JtL and this apparently
agrees with Huang’s experiment1. The physical reason is illustrated as follows. The inter-
nal tunneling current can be expressed as a sine function2 and its upper limit determines
the critical boundary of the input edge tunneling current. In the bulk, while parallel po-
larity transforms full supercurrent into giant coherent tunneling current19 [see Fig. 1(b)],
anti-parallel polarity preserves large supercurrent and can switch the sign of the tunneling
current (i.e., zero tunneling current can occur)[see Fig. 1(c)]. With anti-parallel polarity,
the input edge tunneling current is hence more hard to reach its critical value. More consis-
tence between theory and experiment will be demonstrated in the main body of this letter.
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FIG. 1: (color online) (a) Schematic layout of an excitonic Josephson junction. Two
current inputs of Huang’s experiment JL,in and JR,in act as to apply interlayer tunneling
currents (JtL, JtR) and edge-state quasiparticle currents (JeL, JeR) at two edges of the
quantum Hall bilayer. JeLand JeR generate a voltage difference (V2 − V1) on the top layer
while JtL and JtR rotate the condensate phases of two edges to nonzero values
2. Such
structure is equivalent to two edge condensates sandwiched by a superfluid barrier, which
belongs to a type of excitonic Josephson junctions3. In such an excitonic Josephson
junction, relative condensate phases will generate supercurrent Js(x) due to the Josephson
effect. (b) and (c) are current flows for applying edge tunneling currents with parallel and
anti-parallel polarity deduced from our calculation. The yellow (blue) arrows denote the
interlayer tunneling currents (supercurrent) and their widths (lengths) indicate the
magnitudes of tunneling currents (supercurrent).
3
-0.2 0 0.2
0
0.2
0.4
φ /
 pi
-0.2 0 0.2
-1
-0.5
0
0.5
1
-0.2 0 0.2
-0.16
0
0.16
0.32
J s
 
/ J
s0
-0.2 0 0.2
-0.8
0
0.8
-0.2 0 0.2
x / λ
0
0.4
0.8
1.2
J’
t 
/  
J t0
-0.2 0 0.2
x / λ
-2
-1
0
1
2
(a)
(b)
(c)
(d)
(e)
(f)
J
tL= 5Jt0, JtR= 5Jt0
J
tL= 0, JtR= 5Jt 0
J
tL= -5Jt0, JtR= 5Jt0
upper
lower
FIG. 2: (color online) (a), (b), and (c) are the distributions of the phase, supercurrent, and
internal tunneling current for parallel polarity (JtL = 5Jt0,JtR = 5Jt0), without the second
tunneling current applied at the other edge (JtL = 0, JtR = 5Jt0) and for anti-parallel
polarity (JtL = −5Jt0, JtR = 5Jt0). The profile of phase distribution can be seen more
clearly in a zoom-in version given in Fig. SM. 4 of supplemental material. (d), (e), and (f)
are the distributions of the phase, supercurrent, and internal tunneling current for upper
and lower critical points occurring at JtL = 5Jt0 (solid line), JtL = 0 (dashed line), and
JtL = −5Jt0 (dotted line).
We also calculate magnetic field induced by tunneling currents in a ring-shape excitonic
Josephson junction to suggest indirect detection of Josephson current. Recently, exciton
condensation in graphene bilayer has attracted enormous attention20 but it is still elusive so
far. Our work will be largely helpful in identifying this hot issue.
Theoretical method.— The quantum Hall bilayer can be viewed as a pseudospin fer-
romagnet in which pseudospin is formed from two-valued which layer quantum degree of
4
freedom21,22 and the dynamics can be described by the LLG equation9,13,14
d ~m
d t
= ~m× (2/n~)(δE[~m]/δ~m)− α
(
~m×
d~m
dt
)
,
E[~m] =
∫
d2r
[
β m2z +
ρsm
2
⊥
2
|∇φ |2 −
n∆tm⊥
2
cosφ
]
. (1)
Here ~m = (m⊥ cosφ,m⊥ sin φ,mz) is the local pseudospin direction, in which φ and mz
correspond to condensate phase and layer charge imbalance, respectively. The parameters
α , β, ρs, n and ∆t denote the Gilbert damping coefficient, anisotropy energy, superfluid
density, pseudospin density, and single-particle tunneling energy, respectively.
The external tunneling current Jt has two actions: (i) to make electrons flow out of the
top layer and (ii) to make electrons flow into the bottom layer. Here the top and bottom
layers are selected as up pseudospin (mz = 1) and down pseudospin (mz = −1), respectively.
By considering pseudospin conservation, actions (i) and (ii) will decrease and increase the z-
component of total pseudospin (nA˜dmz/dt) by (JtA˜/e)× (1) and by (JtA˜/e)× (−1), where
A˜ is the cross area of external tunneling current. Under the effect of external tunneling
current, the z-component of the LLG equation should be modified as
dmz
dt
= −
2ρs
n~
m2⊥∇
2φ+
∆t
~
m⊥ sinφ−
2Jt
ne
+ αm2⊥
dφ
dt
,
Jt = JtLδ(L/2− x) + JtRδ(x+ L/2). (2)
Here A˜ is assumed to be very small since the tunneling currents are exerted only on two
edges and L is the total length of the excitonic Josephson junction.
In the static limit and the condensate regime (mz = 0), Eq. (2) can be reduced to a
current conservation law:
Jt = −
eρs
~
∇2φ+
ne∆t
2~
sinφ. (3)
The terms on the right-hand side are the divergence of Josephson current and the internal
tunneling current. Eq. (3) illustrates that the external tunneling current is transformed
into the Josephson current and internal tunneling current [J ′tL(R)] [see Fig. 1(a)]. In Huang’s
Corbino device1, some part of the input current would be transformed into edge-state current
in the top layer [see Sec. SM.I. of supplemental material and Fig. 1(a)]. Since the edge-state
currents always stay in the top layer, they do not contribute to pseudospin variation and
hence not enter the LLG equation. Their footprint is just a voltage difference across two
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edges. On the other hand, it is better to measure effective external tunneling current in the
bottom layer because it has no influence of edge-state current.
We numerically solve the modified LLG equation9 and determine critical currents by
finding the upper and lower boundaries at which mz starts to become nonzero. We define a
length scale of the system, called Josephson length:
λ =
√
2ρs/n∆t (4)
and pick the junction length L = 0.6λ to coincide with Huang’s experiment23. Then we
calculate Josephson current and internal tunneling current by Js = eρs∇φ/~ and J
′
t =
ne∆t sinφ/2~ and Js and Jt are in unit of Js0 = and Jt0 = en∆t/2~ later.
Parallel versus anti-parallel polarity.— Figs. 2(a)-(c) show applying second tunneling
current with parallel (anti-parallel) polarity raises (drops) the phase and internal tunneling
current but drops (raises) the supercurrent. The parallel polarity have the supercurrent
going from negative to positive and large tunneling current while the anti-parallel polarity
maintains finite supercurrent and nearly zero tunneling current. The underlying physics is
that, for parallel polarity, supercurrents going along opposite directions are collected together
and fully transformed into giant tunneling current [see Fig. 1(b)] while for anti-parallel
polarity, the supercurrent always goes along the same direction and the super-tunneling
current conversion is small [see Fig. 1(c)]. The reversal of the tunneling current indicates
zero tunneling current occurring in the bulk. Figs. 2(d)-(f) identify where the critical points
occur. We find, the critical points always occur at φ ≈ ±π/2 and J ′t ≈ ±Jt0 but are not
specific to Js. A more subtle variation with increasing |JtR| is given in Fig. SM. 5 of
supplemental material, illustrating increasing |JtR| always pull J
′
t toward ±Jt0 regardless of
polarity. For anti-parallel polarity, we would need to input more |JtR| to reach the critical
points J ′t ≈ ±Jt0 since it prefers smaller tunneling current in comparison with parallel
polarity.
Correspondence with Huang’s experiment.— As shown in Fig. 3, we furthermore find
that the calculated critical currents are in qualitative agreement with experimental results:
(i) the critical value of |JtR| increases (decreases) with increasing |JtL| when they have
anti-parallel (parallel) polarity, (ii) the critical value of JtR can be more than double by
applying JtL of anti-parallel polarity [the upper J
c(JtR = −18Jt0) = 23.194Jt0 while the
upper Jc(JtR = 0) = 10.551Jt0], and (iii) the slope of the upper (lower) J
c versus JtL is
6
-10 0 10
-20
-10
0
10
20
J tR
 
/ J
t0
-20 -10 0 10 20
J
tL / Jt0
0.6
0.8
1
1.2
1.4
|∆J
tR
 
/ ∆
J tL
|
-10 -5 0 5 10
-20
-10
0
10
20
I tR
 
/ I
t0
-10 -5 0 5 10
ItL  / It 0
0.4
0.8
1.2
1.6
|∆I
tR
 
/ ∆
I tL
|
upper J c
lower J c
(a)
(b)
upper J clower J c
upper I c
lower I c
upper J clower J c
FIG. 3: (color online) (a) The calculated upper and lower critical values of external
tunneling current JtR as a function of the external tunneling current at the other edge JtL
and their slopes |∆JtR/∆JtL|. (b) The corresponding experimental curves reproduced from
Fig. 2(b) of Ref.1. It is difficult to determine the effective cross area A˜ of the experimental
device. We therefore use the current ItL(R) which is equal to JtL(R)A˜ and choose its unit as
It0 = 1nA here to achieve a qualitative comparison.
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FIG. 4: (color online) The spatial extrema of Josephson current Jextres as a function of the
difference of two edge tunneling currents ∆Jt = JtR − JtL. The insert shows the
corresponding compensating current JtL for ∆Jt.
smaller for JtL < 0 (JtL > 0).
Huang’s experiment1 also claims that the Josephson-coupling phenomenon is lost when
increasing |JtL| beyond some certain value. We can comment this by Fig. 6: the spatial
extrema of Josephson current |Jextres | increases with the difference of two external tunneling
currents |∆Jt|, where ∆Jt plays the similar role as the relative phase in the conventional
Josephson junction3. We believe that, similar to conventional Josephson effect, there exists a
critical value for excitonic Josephson current (denoted by |Jextre,cs |) and Josephson coupling
disappears after |Jextres | attains |J
extre,c
s |. The critical Josephson current may be reached
when |∆Jt| is large enough and the bulk will go insulating since our device is a quantum
Hall bilayer. Once exceeding the critical value of |∆Jt|, the external tunneling currents would
prefer to converting into edge-state currents and this will lead to a voltage across two edges as
observed in Huang’s experiment. We can roughly calculate Jextre,cs by considering a very short
junction. In a very short junction, supercurrent is less transformed into tunneling current and
almost holds constant since the sample area is very small. Two external tunneling current can
vary the phase of two edge up or down to ±π/2 and we therefore expect Jextre,cs = ±eρsπ/~L
or equivalently ±(πλ/L)Js0. Additionally, by comparing two curves in the inset of Fig. 6,
we find the larger |∆Jt| occurs at the upper (lower) curve for JtL < 0 (JtL > 0) and the
larger |∆Jt| always increases with |JtL|. We therefore make the inference that the breakdown
of Josephson coupling occurs when |JtL| goes beyond certain value. It is also in agreement
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with Huang’s experiment.
Experimental suggestion for the detection of Josephson current.— To suggest the de-
tection of Josephson current, we consider a Josephson junction bent into a ring shape, as
shown in Fig. 5(a). Such geometry will generate circular Josephson current and hence in-
duce magnetic field. The phase distribution is similarly calculated by the LLG equation but
the azimuthal symmetry is furthermore included. The critical value of external tunneling
current is determined by the minimum perimeter 2πRmin and the induced magnetic field BJ
is calculated by the Biot-Savart Law:
BJ(z) =
µ0〈Js(Rmin, θ)〉θzdRmin
2
[
1
(R2min + z
2)3/2
−
1
(R2max + z
2)3/2
]
(5)
where d is the interlayer separation, z is the distance above the center of the bilayer, and
〈· · ·〉θ is the average over the angular axis of polar coordinate.
Such ring-shaped Josephson junction can simply be fabricated by cutting Corbino disk
with a small slit. Huang’s Corbino1 is the best candidate for this fabrication and another one
that catches our eyes is graphene-based device. The sample size reads λ < 2πRmin < 2πRmax
for Huang’s Corbino while 2πRmin < 2πRmax < λ for graphene. The exact parameters for
graphene still awaits researchers’ contribution but we can assert graphene has 2πRmin <
2πRmax < λ since the practical graphene Corbino
24 is scaled by a small amount of ∼ 1µm
and may have large Josephson length25. By comparing two cases[see Figs. 5(b) and (c)
(which are a version offset by JtL for clarity and the without-offset version can be found
in Fig. SM. 6)], we find enlarging the size of Corbino slightly bends the BJ versus ∆Jt
curve and graphene display a linear one (a notable change in the curvature with increasing
the size can be seen in Ref.26). BJ is on the order of 10
−11/λ tesla (λ in unit of meter)
and ∼ 10pT for Huang’s Corbino that is measurable by using scanning superconducting
quantum interference device (SQUID). We therefore offer a good tool for indirect observation
of Josephson current. However, the contribution of edge-state current is unavoidable when
using the side electrodes like Huang’s experiment. We suggest some method to solve this
problem in Sec. SM.IV of supplemental material.
Conclusion.— In conclusion, we have built up the physical mechanism for Huang’s
experiment1— the excitonic Josephson effect induced by tunneling current, which may be
by far the most robust evidence for exciton condensation and presents entirely new physics.
We also have suggested how to detect Josephson current by measuring the induced mag-
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FIG. 5: (color online) (a) Schematic layout of a ring-shaped excitonic Josephson junction.
(b) and (c) are the induced magnetic field BJ due to circular Josephson current at
z = 0.11λ as a function of the difference of two external tunneling currents ∆Jt = JtR − JtL
for Huang’s Corbino1: Rmin = 0.36λ and Rmax = 0.95λ and for graphene Corbino
24:
Rmin = 0.095λ and Rmax = 0.15λ, respectively. The curves are offset by the corresponding
JtL. The interlayer separation reads d = 1.6ℓB, where ℓB is the magnetic length, for both
(b) and (c).
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netic field. We anticipate more surprises in the long excitonic Josephson junction26. Our
present model even may be extended to explain another new fascinating experiment27 that
still lacks theoretical understanding. The tunneling-current induced Josephson effect offers
a new route to explore exciton condensation and hopefully stimulates enormous research
activity in future.
We are grateful to W. Dietsche, A. H. MacDonald, B. Rosenstein, Jheng-Cyuan Lin, Sing-
Lin Wu and Chien-Ming Tu for valuable discussion. This work were financially supported by
Ministry of Science and Technology and National Center for Theoretical Sciences of Taiwan.
∗ E-mail address: yafen.hsu.jane@gmail.com
† E-mail address: jungjsu@nctu.edu.tw
[1] For a review, see S. M. Girvin and A. H. MacDonald, Perspectives in Quantum Hall Effects,
edited by S. Das Sarma and A. Pinczuk (Wiley, New York,1997), Chap. V; J. P. Eisenstein,
Chap. II.
[2] For a review, see J. P. Eisenstein, Annu. Rev. Condens. Matter Phys. 5, 159 (2014).
[3] I. B. Spielman, J. P. Eisenstein, L. N. Pfeiffer and K. W. West, Phys. Rev. Lett. 84, 5808
(2000); J. P. Eisenstein and A. H. MacDonald, Nature (London) 432, 691 (2004); D. Nandi,
T. Khaire, A. D. K. Finck, J. P. Eisenstein, L. N. Pfeiffer, and K. W. West, Phys. Rev. B 88,
165308 (2013).
[4] L. Tiemann, W Dietsche, M Hauser and K von Klitzing, New J. Phys. 10, 045018 (2008); Y.
Yoon, L. Tiemann, S. Schmult, W. Dietsche, K. von Klitzing and W. Wegscheider, Phys. Rev.
Lett. 104, 116802 (2010).
[5] For a review, see S. M. Girvin, Int. J. Mod. Phys. B 28, 4975 (2001).
[6] For a review, see X. G. Wen and A. Zee, Int. J. Mod. Phys. B 17, 4435 (2003).
[7] Y. N. Joglekar and A.H. MacDonald, Phys. Rev. Lett. 87, 196802 (2001).
[8] E. Rossi, A. S. Nu´n˜ez and A. H. MacDonald, Phys. Rev. Lett. 95, 266804 (2005).
[9] J.-J. Su and A. H. MacDonald, Phys. Rev. B 81, 184523 (2010).
[10] A. A. Golubov, P. O. Box and E. II’ichev, Rev. Mod. Phys. 76, 411 (2004).
[11] The Josephson effect asscociated with exciton superfluidity has recently attracted enormous
attention in photoexcited quantum wells: M. Rontani, B. Pietka, M. Wouters, R. Andre and
11
B. Deveaud-Ple´dran, Phys. Rev. Lett. 105, 120403 (2010); M. Abbarchi, A. Amo, V. G. Sala,
D. D. Solnyshkov, H. Flayac, L. Ferrier, I. Sagnes, E. Galopin, A. Lemaitre, G. Malpuech et al,
Nat. Phys. 9, 275 (2013); A. F. Adiyatullin, M. D. Anderson, H. Flayac, M. T. Portella-Oberli,
Fauzia Jabeen, C. Ouellet-Plamondon, G. C. Sallen, and B. Deveaud, Nat. Commun. 8, 1329
(2017).
[12] X.-G. Wen and A. Zee, Europhys. Lett. 35, 227 (1996).
[13] Y.-F. Hsu and J.-J. Su, Sci. Rep. 5, 15796 (2015).
[14] Y.-F. Hsu and J.-J. Su, New J. Phys. 20, 083002 (2018).
[15] K. Park and S. Das Sarma, Phys. Rev. B 74, 035338 (2006).
[16] X. Huang, W. Dietsche, M. Hauser and K. von Klitzing, Phys. Rev. Lett. 109, 156802 (2012).
[17] Note that the so-called Josephson currents are different in Ref.1 and the present work: in
Ref.1, it is equivalent to the interlayer tunneling current which displays Josephson-like behavior
while in the present work, it is referred to as the supercurrent generated by the real Josephson
effect
[18] The detail reason is given in Sec. SM.I. of supplemental material
[19] The so-called coherent tunneling is illustrated in Sec. SM.II. of supplemental material.
[20] R. V. Gorbachev, A. K. Geim, M. I. Katsnelson, K. S. Novoselov, T. Tudorovskiy, I. V.
Grigorieva, A. H. MacDonald, S. V. Morozov, K.Watanabe, T. Taniguchi et al, Nat. Phys. 8,
896 (2012); X. Liu, K. Watanabe, T. Taniguchi, B. I. Halperin and P. Kim, Nat. Phys. 13,
746 (2017).
[21] K. Moon, H. Mori, K. Yang, S. M. Girvin, A. H. MacDonald, L. Zheng, D. Yoshioka, and
S.-C. Zhang, Phys. Rev. B 51, 5138 (1995).
[22] A. A. Burkov and A. H. MacDonald, Phys. Rev. B 66, 115320 (2002).
[23] We use the typical values: β = 0.02E0 and ρs = 0.005E0, where E0 ∼7meV. The typical ∆t
ranges from 10−8E0 to 10
−6E0 [T. Hyart and B. Rosenow, Phys. Rev. B 83, 155315 (2011)] but
Su and MacDonald9 show that its effective value may be reduced to 10−11E0 due to disorder
by comparing their calculation with Tiemann’s experiment [L. Tiemann, Y. Yoon, W. Dietsche
and K. von Klitzing, Phys. Rev. B 80, 165120 (2009)]. We believe that the samples of Huang et
al and Tiemann et al are similar since they are fabricated by the same laboratory and estimate
λ ∼0.9mm. The corresponding junction length L is around 0.6λ.
[24] E. C. Peters, A. J. M. Giesbers, M. Burghard and K. Kern, Appl. Phys. Lett. 104, 203109
12
(2014).
[25] A. A. Pikalov and D. V. Fil, Nanoscale Res. Lett. 7, 145 (2012).
[26] Y.-F. Hsu and J.-J. Su, arXiv:2005.12393.
[27] D. Zhang, W. Dietsche and K. von Klitzing, Phys. Rev. Lett. 116, 186801 (2016).
13
Excitonic Josephson effect induced by tunneling current: robust
evidence for exciton condensation
Supplemental Material
Ya-Fen Hsu3, 4, ∗ and Jung-Jung Su4, †
3Physics Division, National Center for Theoretical Science, Hsinchu, 30013, Taiwan
4Department of Electrophysics, National Chiao Tung University, Hsinchu 300, Taiwan
Abstract
In this supplemental material, we show how the Huang’s experimental device corresponds to
the excitonic Josephson junction with relative phases induced by tunneling currents, what is the
so-called coherent interlayer tunneling, and how to rule out the contibution of edge-state current
for the magnetic-field measurement as well as any other complementary information.
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Fig. SM. 1: (color online) (a) Schematic layout of the Corbino geometry for each layer. (b)
The excitonic Josephson junction cut from the Corbino bilayer.
SM.I. THE CORRESPONDENCE OF HUANG’S EXPERIMENTAL DEVICE TO
AN EXCITONIC JOSEPHSON JUNCTION
We illustrate why Huang’s device can be viewed as an excitonic Josephson junction
through Fig. SM. 1. In Fig. SM. 1(a), the specific contacts numbers 1-5 and 1*-5* denote
the position of contacts at the top and bottom layer, respectively. For convenience in
discussion, we suppose, in that experiment, the input current are sent from contact 2* to 2
and from 4* to 4. We are only interested in the transport behavior within the blue box. In
absence of edge-state current, the current conservation of this segment cut from the Corbino
bilayer can be formulated as [see Fig. 1(a) in the main body of the manuscript]
IL,in = I
′
tL − Is(x = −L/2),
IR,in = I
′
tR + Is(x = L/2),
IL(R),in = IL(R),out. (6)
For convenience in discussion, we here use the current I instead of current density J . If we
integrate Eq. (3) in the main body of the manuscript over the area, it can be found that the
external interlayer tunneling current is also transformed into the supercurrent and internal
tunneling current like the input current. The input current therefore acts as the external
15
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Fig. SM. 2: (color online) The phase distribution for applying constant tunneling current
Jt over the whole quantum Hall bilayer.
tunneling current so as to change excitonic condensate phase as suggested in Ref.2[see Fig.
SM. 1(b)]. In Fig. SM. 2, we further show the phase distribution for quantum Hall bilayer
with uniform tunneling current applied to confirm the suggestion of Ref.2. We find the phase
can vary from −π/2 ∼ π/2 with applying tunneling current. That is to say, we can apply
different tunneling currents to two edges so as to create the relative phase between them.
Two edge condensates are sandwiched by a superfluid barrier, being a type of Josephson
junctions3. We thus deduce that the Huang’s experiment1 can be analyzed by studying an
excitonic Josephson junction with junction length(Rout−Rin), where Rout and Rin are outer
and inner radius [as shown in Fig. SM. 1(b)]. The input currents are however sent from
the side electrodes and the circuit equipment may transform some part of input current into
edge-state current in the top layer due to the presence of in-plane electric field. As to the
bottom layer, its two terminals are grounded and no edge-states current flows there.
SM.II. COHERENT VERSUS INCOHERENT INTERLAYER TUNNELINGS
As shown in Fig. SM. 3(a), with the motion of exciton condensate (i.e. exciton supercur-
rent), positive and negative charges accumulate in the bottom and top layers, respectively.
Due to the Coulomb interaction, the positive charge can spontaneously flow into the top
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Fig. SM. 3: (color online) Schematic plots: (a) coherent interlayer tunneling and (b)
incoherent interlayer tunneling.
layer to annihilate the negative charge. Such spontaneous transport process is called coher-
ent interlayer tunneling. In contrast, for the normal system without excion superfluidity,
the positive charge needs to overcome Coulomb repulsion to tunnel into the top layer [see
Fig. SM. 3(b)].
SM.III. OTHER COMPLEMENTARY INFORMATION
A. The zoom-in of Fig. 2(a)
In Fig. 2(a) of the main body, we show the phase distributions for the external-tunneling-
current pair with different polarities together to serve the goal of conciseness. This leads
to the non-obvious slope for the phase distribution. Here we therefore display the phase
distribution individually in Fig. SM. 4, providing a zoom-in version to let readers check.
The phase profiles for parallel polarity, without the second tunneling current applied, and for
anti-parallel polarity are parabolic [see Fig. SM. 4(a)], half-parabolic [see Fig. SM. 4(b)], and
nearly linear [see Fig. SM. 4(c)], respectively. This indicates the first one has supercurrents
following in opposite directions while the other two have supercurrent following always along
the same direction. Additionally, it also indicates that for parallel polarity supercurrent will
become zero in the bulk, without the second tunneling current applied supercurrent will go
to zero near the left edge, and for anti-parallel polarity supercurrent will remain finite and
almost constant.
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Fig. SM. 4: (color online) The phase distributions (a) for parallel polarity: JtL = 5Jt0,
JtR = 5Jt0, (b) without the second tunneling current applied at the other edge: JtL = 5Jt0,
JtR = 0, and (c) for anti-parallel polarity: JtL = −5Jt0, JtR = 5Jt0.
B. The variation of phase, supercurrent, and internal tunneling current with in-
creasing external tunneling current
As shown in Fig. SM. 5, inputting +JtR (−JtR) will always move all the phase, super-
current, tunneling current up (down) with respective to JtR = 0. Also they pull the phase
(tunneling current) toward φ ≈ ±π/2 (J ′t ≈ ±Jt0) where the critical points occurs. In
addition, we find the supercurrent (tunneling current) is crossed by the zero level only for
parallel (anti-parallel) polarity. That is to say, it can be regarded as a unique character-
istic of parallel polarity that supercurrent can be fully transformed into tunneling current.
Similarly, a switch of the direction of tunneling current is specific to anti-parallel polarity.
C. The without-offset version of Figs. 5(b) and 5(c)
It can be seen from Fig. SM. 6, the curves for different JtR are almost overlapped. By
comparing Figs. SM. 6(a) and 6(b), we can find enlarging the Corbino size would give rise
to slight deviation. That is to say, the induced magnetic field is a single value function of
∆Jt and unrelated to the individual values of the edge tunneling currents at least for short
junctions which are actually in strong Josephson coupling. The Josephson effect drives the
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Fig. SM. 5: (color online) (a)-(c) are the distributions of phase, supercurrent, and
tunneling current for different JtR with JtL = 5Jt0. (d)-(f) are the distributions of phase,
supercurrent, and tunneling current for different JtR with JtL = 0. (g)-(i) are the
distributions of phase, supercurrent, and tunneling current for different JtR with
JtL = −5Jt0. To avoid the figures being too busy, we do not identify all used values for JtR
definitely here. Roughly speaking, the blue (black), green (solid), orange(grey) lines
correspond to JtL > 0, JtL = 0, and JtL < 0, respectively. The dashed, dash-dotted, and
dotted lines have the magnitude of JtL being maximum, medium, and minimum,
respectively.
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Fig. SM. 6: (color online) (a) The without-offset version for Figs. 5(b). (b) The
without-offset version for Figs. 5(c). Here BJ and ∆Jt denote the induced magnetic field
and the difference of two external tunneling currents, respectively.
system into being bulk-dominant.
SM.VI. THE METHODS TO RULE OUT THE CONTRIBUTION OF EDGE-
STATE CURRENT IN THE MAGNETIC-FIELD MEASUREMENT
As stated in the main body of this manuscript, it is difficult to avoid edge-state current if
we use the side electrodes. The usage of top- and back- electrode pairs can solve this problem
but the fabrication of back electrode is challenging due to the existence of substrate. Another
method is to take the contribution of edge-state current out in measurement. By using the
Biot-Savart Law, the induced magnetic field due to edge-state current Je can be calculated
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as
Be(z) =
µ0Je
2
[
R2min
(R2min + z
2)3/2
−
R2max
(R2max + z
2)3/2
]
. (SM1)
Be(z) and BJ(z) [see Eq. (5) in the main body of this manuscript] are symmetrical and anti-
symmetrical about the z-axis, respectively. Therefore, if the experimenters measure the total
magnetic field B = BJ +Be at two mirror points z and −z and then sum the two measured
values, the contribution of edge-state current can be separated out, i.e., [B(z)+B(−z)]/2 =
Be(z). The pure BJ(z) can furthermore be obtained by subtracting the measured B(z) by
Be(z).
∗ E-mail address: yafen.hsu.jane@gmail.com
† E-mail address: jungjsu@nctu.edu.tw
[1] X. Huang, W. Dietsche, M. Hauser and K. von Klitzing, Phys. Rev. Lett. 109, 156802 (2012).
[2] K. Park and S. Das Sarma, Phys. Rev. B 74, 035338 (2006).
[3] A. A. Golubov, P. O. Box, and E. II’ichev, Rev. Mod. Phys. 76, 411 (2004).
21
